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Abstract

In this paper we propose an extension of the proximal decomposition algorithm using
Bregman distances to solve convex separable minimization problems. Under some standard
assumptions it is proved that the iterations generated by the algorithm are well defined and
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1 Introduction

2 Legendre Type Function in R"

Definition 2.1 A poper lower semicontinuous conver function h : IR"™ — (—o0,+o0] is called
essentially smooth if h satisfies:

1. int(domh) # ()
2. h is differentiable on int(dom h)

3. |[Vh(zk)|| — +oo, for all {z)} C int(dom such that xy, — &, for some & € Bound(domh).

Remark 2.1 (Rock, theorem 26.1) h is essentially smooth if and only if

) {Vh(2)}, x€int(domh)
Ohlz) = { 0, otherwise
In particular dom Oh = int(domh).

Definition 2.2 A poper lower semicontinuous convex function h : IR"™ — (—oo,+00] is called
strictly essentially smooth if:

1. h is essentially smooth

2. h is striclty convex on every convex subset of dom Oh.

Remark 2.2 (Rock, Section 26) h is essentially smooth if and only if h* is essentially
strictly convex

Definition 2.3 A poper lower semicontinuous convex function h : IR"™ — (—o0,+00] is called
of Legendre type, denoted by h € L, if it is essentially smooth and essentially strictly convex.

Remark 2.3 If h is of Legendre type, then
(Vh)™! = Vh*.
Let h € L. Define the funcion Dy(.,.) : S x S — IR so that
Di(x,y) == h(x) — h(y) — (Vh(y), exp, ' z),. (2.1)
Definition 2.4 Let Q C IR", and let y € IR". A point Py € Q for which

Dh(Py7y) = mlIth(ZE, y) (22)
e

is called a Dp—projection of the point y on the set §Q.
This point also is denoted by

Py = argmin{ Dy (u,y) : u € Q}
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The next Lemma furnishes the existence and uniqueness of Dy —projection for a type Legendre
function under an appropriate assumption on ).

Lemma 2.1 Let Q C H a nonempty closed convex set such that int(dom h) N ir(Q2) # O and
h € L. Then, for any y € H, there exists a unique Dyp—projection Py of the point y on €
satisfying

i. Py € int(domh).
it. (Vh(y) — Vh(Py),c— Py) < Dy(c, Py),Ve € C.
Proof. C’est facil.
Now, we define the proximal normal cone N&' (z) of Q at z € Q.

NE(x) ={t(y —x) : t > 0,2 € Po(y),y € R*}

where Pp denotes the usual projection on ) and each vector is called a proximal normal to €2
at x

Proposition 2.1 Suppose that h € L is twice continuously differentiable on S = intdom h, let
y € S and suppose that x = Pp, (y) on Q, then

Vh(y) — Vh(z) € N& (z).

3 A Proximal Decomposition Method with Bregman Distances

Consider the problem:
find (x,y) € A x B such that y € T'(x) (3.3)

Along this section we use the notation S = int(dom h)

Definition 3.1 Let T be a monotone multivalued operator on IR™ and (x,y) € S x IR". The
prozimal decomposition with the factor X > 0 of (x,y) on the graph of T and the function h € L,
is the unique pair (u,v) € S x IR"™ such that

Vh(z) + Ay = Vh(u) + Av;v € T'(u)

Remark 3.1 The above definition is well given. In fact, suppose that there exists another
(u',v") € Gr(T) satisfying the condition of the definition, from the convexity of h, the above
definition and the monotonicity of T we have that

0 <(Vh(u) — Vh(u'),u—u') =@ —v,u—u) <0

Now, from the strictly convexity of h we obtain that ' = w and using this fact in the definition
we obtain that v = v.

Remark 3.2 A simple manipulation of the definition provides the following expression:

u= (Vh+ AT)"' (Vh(z) + \y)

1 -1/1
v= (I + XVh o T_1> (AVh(x) + Ay)
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PDB Algorithm

Let h € £ and let Dj, be the function associate to h and defined by (2.1).

Initialization:
Let A >0 and
(2°,4°) e (SN A) x B (3.4)
Main Steps:
For k=1,2,3,...,
ub = (Vh+AT) ™ (Vh(z*) + a*) (3.5)
1
ok = —leDh(uk,xk) + yF (3.6)
If (u*,v*) € A x B then stop.
Otherwise,
2" = Pp, (uF) and y* T = of, (3.7)
Take k — k+ 1.

Remark 3.3 Pp, (u¥) is the projection of u¥ on A with respect to the Bregman distance Dy,
that is,

M1 — arg min{ Dy, (z,u*) : © € A}

T
Remark 3.4 If h(z) = 1||z|]? then

b = (I = A7) M2k + M)

,Uk: — (:L'k + )\yk _ uk)
k+1 _  k k+1 _
T =upYy =UB

which is the proximal decomposition method.

Remark 3.5 If T = Of where f is a proper, lsc and convex function then the problem (3.3)
becomes in

min{f(z): x € A}

and the algorithm is:
Algorithm for Minimization

Let h € L with S = 4ntdom h, as defined in Section 2, and let Dy be the function asso-
ciate to h and defined by (2.1).
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Initialization:
Let A >0 and
(2°,9°) e (SNA) x B
Main Steps:
Fork=1,2,3,...,
. 1
ub = argmin{ f(u) — (u,y*) + XDh(u,xk)} (3.8)

1
ok = —leDh(uk,wk) + yF

If (uF,v*) € A x B then stop.
Otherwise,
" = Pp, (u¥) and " = vp”

Take k «— k + 1.

4 Some Preliminar Results

Alog this section we have the following assumptions:

Assumption 1: T is a multivalued monotone operator satisfying domT’' N AN S # ()

Lemma 4.1 Suppose that A\ > 0 and h € L,. Then under assumption 1, the mapping (Vh +
AT)~1 is single valued.

Proof. [Eckstein, 1993] Since that h is strictly convex on S we have for x # y

(Vh(z) = Vh(y),x —y) >0
As T is monotone then VA + AT is strictly monotone and therefore (Vh 4+ AT')(z) and (Vh +
AT)(y) do not intersect to z # y. Therefore (Vh + AT)~! is single valued. L]

Theorem 4.1 Under assumption 1, and h € L, the sequence (z*,y*) generated by the (PBD)
algorithm, is well definided for each k and (z*,y*) € (AN S) x B.

Proof. We proced by induction. It holds for [ = 0, due to (3.4). Assume that (z!,y') €
(ANS) x B. As h € £ from Lemma 4.1 there exist (u, v') satisfying (3.5) and (3.8) respectively.
As h € L the set

argmin{ Dy, (z,u*) : z € A}

is nonempty and has an unique element in A NS, thus there exists 2/t € AN S such that
2 = argmin{ Dy, (z,u") : € A},

On the other hand, always there exists y't! :

is well defined.
On the other hand, Therefore we obtain the aimed resultd. ]
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Remark 4.1 Consider A =1 and define
L:H x H— H such that L(x,y) = Vh(x) +y,
F:H—HxH:F(z)=FVh(z)+vy) = (u,v)
where Vh(z) +y = Vh(u) +v,v € T(u),
P:HxH—AxB:P(x,y) = (Pp,(z),yB).
Then, one iteration of the algoritm may be view as the application of the operator
Z=PoFolL
on A X B.
Lemma 4.2 All fized point of the operator Z = P o F o L is a solution of the problem (3.3).

Proof. Let (z,y) € dom Z such that:

(x,y) = Z(2,y).
This implies that
(z,y) = P(u,v) = (Pp, (u),vB) (4.9)
where
Vh(z)+y = Vh(u)+v,v € T(u) (4.10)
Thus, from (4.10)
(Vh(u) — Vh(z),v —y) € {(a,b) :a+b=0} (4.11)

On the other hand, from (4.9) we obtain that
V=vA+VB=v4a+Y

which implies that
v-—yeA (4.12)

Also, from (4.9) we will prove that
Vh(u) — Vh(z) € B (4.13)
Of fact, as x = Pp,u, on A then from Proposition 2.1 then
Vh(u) — Vh(z) € N ().

So, there exists y € IR"™ and t > 0 such that £ = y4 and

Vh(u) — Vh(z) =tly —z) =t(ya +yp —x) = typ € B. (4.14)
From (4.13) and (4.12) we obtain that
(Vh(u) = Vh(z),v—y) € Bx A (4.15)

which jointly with (4.11) gives
Vh(xz) = Vh(u) and u = v

as h € L this implies that
r=uand u="v
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